NDSU Dynamics of a 2-Link Arm ECE 761 - JSG

Dynamics of a 2-Link Arm

Consider a planar 2-link robot as shown below. This is similar to the RRR robot with 01 = 0 resulting in the
robot being able to move in the XY plane relative to reference frame 1.

X1

Y

1kg

Y1l

Problem: Determine the dynamics of a 2-link arm with

Each arm having a length of 1m, and
Mass #1 = 2kg and Mass #2 = 1kg.

Step 1: Determine the (x,y) position and velocity of each mass

mass 1:
X1 =—C0S01 ).(1 =—Sin(61)él

y1 =sin(0;) Y1 =C0s(01)0;

mass 2:

Xo =Xq1 + COS(el + 92) Xz =-Sin (91)91 —sin (91 + 92)(91 + 92)

Yo =Y1+8iN(0:1+05) Y2 =c0s(01)01 +cos(0; + 62)(6')1 + 62)

Using shorthand notation
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X1=0C Xl =—8191

Y1=81 Y1 =010

X2 =C1+Cq2 Xz =—S1é1—812<91+92)
Y2 =S1+S1 Y2 =C191+C12(91+92)

Step 2: Form the kinetic and potential energy:
Mass1: My =2

KE:%mJ}f+y@

KE = ((—slél) i + (clél) 2)

Note that sin? + cos? =1

KE = 67
PE = mi:gy:
PE =-2gs:

Mass2: Mo =1

KE = %mz(kg +y§)
KE = %((—3191 _ 512(61 + 62>) i + (Clél + ClZ(él + 92)) 2)
KE = %(sf@f + sfz(él + 92) g ci07 + sz(él + 62) 2)

4518120101+ 02 ) + C1C1204( 01+ 05 )

. . . 2 . . . . . .
KE = %(9% + (91 + 92) ) + Clclzel(el + 92) + 8181291(91 + 62)
From trigenomietry
sin(a)sin(b) + cos(a)cos(b) = cos(a—b)

resulting in
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. " . 2 . . .
KE = %(9% + (91 + 92) ) + 0291(91 + 92)
KE = (1 + Cz)éf + %e% + (1 + Cz)éléz
PE =m,qgy»
PE = —g(Sl + 512)
Step 3: Form the LaGrangian:
L =KE-PE
L= ((éf) + ((1 +C2)07 + 205+ (1+ Cz)éléz) ) —((-29gs1) + (=9(S1 + 512)))
L= (2 + Cz)éf + %9% + (l + Cz)éléz + 3951 +0S12
Step 4: Take the partials
d( oL oL
Ti= a(ﬁl) - (W)
d( oL oL
T2= a(g) - (E)
Starting with O1:
d( oL oL
Ti= a(ﬁ) - (ﬁ)
T1 = %((4 + 2C2)61 + (l + Cz)éz) - (3901 + gClz)
T, = ((4 +2C2)01 — 25,010, + (1+¢2)0, — széﬁ) —(3gc1 +gc2)
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Moving on to 0>

L =(2+¢2)0% +305 +(1+¢2)0102 + 3gs: + gsi2
=35 - (&)
T,= %(éz +(1+ cz)él> - (—széi ~52010, + gclz)
T, = ('62 +(1+C2)B1 — 526162) + (széi +52010, - gclz)
Ty =0, +(1+¢2)01 +520% —gcan
Net result:
Ti= ((4 +2C2)01 — 252010, + (1 +¢2)0, - szég) —(39c1 +gCi2)

Tz = 62 + (1 + Cz)él + 326% —0gC12

To solve, rewrite this in matrix form:

(4+2C2) (1+C2) él _ T, + 2826162:%—829% +g 3C1+Cy2
(1+C2) 1 62 T, —526f Ci2
Mass Matrix * Acceleration = Torque - Coriolis Forces + Gravity

Given the joint angles, velocities, gravity, and input torques, you can compute the joint accelerations as

lr -9.1 —‘:|: (4+202) (1+C2) }_1([ T, }+|: 2826162.4-8263 }+|: 3931 +0S12 }j
62 (1+C2) 1 T, —Szef OS2
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MatLab Code:

function [ ddQ ]

dql
dg2
cl

sl

s2

c2

s12
cl2
g_
M
C
G
ddQ
end

TwoLinkDynamics( Q, dQ, T )

= Q(L);

9.
L
L
[3*

Q(2);
dQ(1);
dQ(2);
cos(ql);
sin(ql);
sin(g2);
cos(q2);
sin(ql+qg2);
cos(ql+g2);
8;

4 + 2*c2 , 1+c2 ; 1+c2 , 1];

2*52*dq1*dq2 + s2*dqg2*dg2 ; -s2*dgl*dql ];
g*cl + g*cl2 ; +g*cl2 ];

|nv(M) *(T+C+ G);

-0AaF -

Image of 2-link arm in free-fall
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Main Calling Routine:

cos(Q(1));
sin(Q(1)):
cos(Q(2));
sin(Q(2));

% Freefall
T = [0;0];

)
=
I

ddQ = TwoLinkDynamics(Q, dQ, T);
dQ = dQ + ddQ * dt;
Q

= Q + dQ*dt;
t = t + dt;
% Plot the Robot
x0 = 0;
y0 = 0;
x1 = cos(Q(1));
yl = sin(Q(1));
x2 = x1 + cos(Q(D) + Q(2));
y2 =yl + sin(Q(1) + Q(2));
clf;
plot([-0.5,2],[-0.5,2],"x");
hold on;

plot([-0.5,2],[0,0], "r%);
plot([0,0],[-0.5,2], "rv);

plot([x0, x1, x2], -[y0, y1, y2], "b.-");
pause(0.01);

end
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